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Abstract

Quartic self-interacting fractional Klein—Gordon scalar massive and massless
field theories on toroidal spacetime are studied. The effective potential and
topologically generated mass are determined using zeta-function regularization
technique. Renormalization of these quantities are derived. Conditions for
symmetry breaking are obtained analytically. Simulations are carried out
to illustrate regions or values of compactified dimensions where symmetry-
breaking mechanisms appear.

PACS number: 11.10.Wx

(Some figures in this article are in colour only in the electronic version)

1. Introduction

The concept of fractal has permeated virtually all branches of natural sciences since it was first
introduced by Mandelbrot about three decades ago [1]. The first fractal process encountered in
physics is the Brownian motion, whose paths have been used in Feynman path integral approach
to (Euclidean) quantum mechanics [2]. Based on the path integral method, Abbot and Wise [3]
showed that the quantum trajectories of a point-like particle is a fractal of Hausdorff dimension
two. Brownian motion also played an important role in stochastic mechanics [4, 5], which
was an attempt to give an alternative formulation to quantum mechanics. Early applications
of fractal geometry in quantum field theory focused mainly on the studies of quantum field
models in fractal sets and fractal spacetime, and quantum field theory of spin systems such as
Ising spin model (see [6] for a review on fractal geometry in quantum theory). The applications
were subsequently extended to fractal Wilson loops in lattice gauge theory [7], and fractal
geometry of random surfaces in quantum gravity [8]. There exist models of quantum gravity
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such as quantum Einstein gravity model which predicts that spacetime is fractal with fractal
or Hausdorff dimension two at sub-Planckian distance [9].

The next important step in the applications of fractal geometry in physics is the realization
of the close connection between fractional calculus [10-13] and processes and phenomena
which exhibit fractal behavior. Such an association allows the use of fractional differential
equations to describe fractal phenomena. Applications of fractional differential equations
in physics have spread rapidly, in particular condensed matter physics, where fractional
differential equations are well suited to describe anomalous transport processes such as
anomalous diffusion, non-Debye relaxation process, etc [14—18]. More recently, such
applications have been extended to quantum mechanics. Analogous to the fractional diffusion
equations, various versions of fractional Schrédinger equations (the space-fractional, time-
fractional and spacetime-fractional Schrodinger equations) have been studied [19-25]. Based
on the fractional Euler-Lagrange equation in the presence of Grassmann variables, Baleanu
and Muslih [26] have considered supersymmetric quantum mechanics using the path integral
method.

It is interesting to note that the works on fractional Klein—-Gordon equation have been
carried out nearly a decade before that on fractional Schrodinger equations. The square-
root and cubic-root Klein—-Gordon equations, Klein—Gordon equation of arbitrary fractional
order and fractional Dirac equation have been studied by various authors [27-32]. Canonical
quantization of fractional Klein—Gordon field has been considered by Amaral and Marino
[33], Barcci, Oxman and Rocca [34] and stochastic quantization of fractional Klein—Gordon
field and fractional Abelian gauge field have been studied by Lim and Muniandy [35]. There
are also works in constructive field theory approach to fractional Klein—Gordon field, where
the analytic continuation of the Euclidean (Schwinger) n-point functions to the corresponding
n-point Wightman functions are studied [36, 37]. More recently, results on finite-temperature
fractional Klein—Gordon field [38], and the Casimir effect associated with the massive and
massless fractional fields at zero and finite temperature with fractional Neumann boundary
conditions have been obtained [39]. We would like to point out that until now all these studies
consider only free fractional fields. Therefore it would be interesting and important to study
a simple model of interacting fractional field. This is exactly the main objective of our paper.

In this paper, we consider for the first time the model of scalar massive and massless
fractional Klein—Gordon fields with quartic self-interaction. It is well known that in the
ordinary field theory, ¢* theory is an important and useful model because it has applications in
Weinberg—Salam model of weak interactions [40], inflationary models of early universe [41],
solid state physics [42] and soliton theory [43], etc. In addition, it is also known that a massless
field can develop a mass as a result of both self-interaction and nontrivial spacetime topology,
and such a phenomenon is known as topological mass generation [44—46]. The main aim of
this paper is to study the possibilities of topological mass generation and symmetry breaking
mechanism for a fractional scalar field with interaction in a toroidal spacetime. In the case of
ordinary quantum fields, topological mass generation in toroidal spacetime has been studied
by Actor [47], Kirsten [48], Elizalde and Kirsten [49] by using the zeta-function regularization
technique [50-53]. We shall show that with some modifications, the zeta-function method can
also be employed to study the topological mass generation and symmetry breaking mechanism
in the fractional ¢* theory.

In section 2, we discuss the fractional scalar Klein—-Gordon massive and massless fields
with quartic self-interaction on the toroidal spacetime. The effective potential of this fractional
¢* model is determined up to one-loop quantum effects using the zeta-function regularization
method. Section 3 contains the renormalization of the effective potential. The derivation
of the renormalized topologically generated mass and symmetry breaking mechanism will
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be given in section 4. The final section gives a summary of main results obtained, and
perspective for further work. We also include simulations to illustrate the dependency of
symmetry breaking mechanism and renormalized topologically generated mass on spacetime
dimensions, fractional order of the Klein—Gordon field, etc.

2. One-loop effective potential of fractional scalar field with A, interaction

In this section, we compute the one-loop effective potential of the real fractional scalar Klein—
Gordon field with Ap* interaction in a d-dimensional spacetime. In this paper, the spacetime
we consider is the toroidal manifold 77 x T9,q := d — p, with compactification lengths
Ly,...,L,,Lpy1,...,Lg,where Ly; =---=Ls=Land L;,1 <i < p are assumed to
be much smaller than L. We will take the limit L — oo, which results in the limiting toroidal
spacetime 77 x R?. In this spacetime, the scalar field ¢(x) can be regarded as a function of
x € R? which satisfies the periodic boundary conditions with period L, 1< j<d,inthex;
direction. The Lagrangian of the theory is

1 A
L==200(A+m) 90— o', «>0,
where A is the Laplace operator A = 3—2, +-+ 3—22 For a function
X{ axy
iyd kY
fo0= 3 T
kez!
d ﬂ
expanded with respect to the basis {ezmz":‘ bk e Zd} of functions on the toroidal

spacetime T” x T4, the fractional differential operator (—A +m?)® acts on f by the formula
a

_ 2\a _ d 2Trkj 2 2 2niZ'§:1 k/L'x_j
[(A+m) 1) =Y ax | D +m’| e i

, L;
kez! j=1 J

The partition function of the theory is given by
1 A
Z= /Dq)(x) exp —/ o) (A +m?) o) + —px)*} d'x).
rrxre |2 4!

In the toroidal spacetime, we can assume a constant classical background field ¢. The quantum
fluctuations around this background field is defined to be ¢ = ¢ — @. Then to the one-loop
order, we have

L oena Ay
logZ_—Em © —Zq) — Vo,

where V) is the functional determinant (called the quantum potential),

((—A +m?)? + %)@2)

1
Vo = —— log det pE:

2V,

Here V; = LY[]/_, L; = L%V, is the volume of spacetime and p is a scaling length. The
effective potential including one-loop quantum effects is then given by
. I spmn A
Vett (¢) = 5’”2 9+ 5554 +Vo.
To calculate V, we use the zeta-function prescription [50-53]. By taking L — oo limit, Vj
is equal to

— ; 2 _ e
Vo = 2007V, [£(0)log u” — £ (0)], (2.1)
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where the zeta function ¢ (s) is defined as

P Mk 1? ¢ A -
_ 2 i 2 Ay
C(S)—/H;q E {(le +,-E:1 [_Li ] +m> +59 } d?w

keZ?

LT

keZ? i=1

vl

IR

az} dw, (2.2)

when Res > d/(2a). When p = d or equivalently when ¢ = 0, we understand that
2%
(%)

We need to find an analytic continuation of ¢ (s) to evaluate ¢(0) and ¢’(0). Let

/Oo w?™! f(w)dw = £(0).
0

2 1<i< d b o
P = -, NS an = —Q.
a L I p 2(”
Using standard techniques, we have
1 R
¢(s) = —/ T K (1) dt, (2.3)
I'(s) Jo
where
2t [ P ¢
K@) = m/ w? ' dw Z exp | —t | w?+ Z[aiki]z +m?) +b°
2) 70 KkeZ” i=1

is called the global heat kernel. Now we have to find the asymptotic behavior of K () when
t — 0. For this purpose, we rewrite

K@) =A@ne™, (2.4)
where
2rt [ -1 2 - 2, 2 ’
A(r) = —q/ wi™ dw Z exp|—r{{w +Z[a,~k,~] +m ,
(%) Jo keZ? i=1
and employ the Mellin—Barnes integral representation of exponential function (see, e.g., [54])
1 u+ioo
e i = — dvl"(v)z 77, ueR* (2.5)
2mi u—ioco

to A(t). However, in the massless (i.e. m = 0) case, the kK = 0 term has to be treated
differently. Therefore, we discuss the results for the massive (m > 0) case and the massless
(m = 0) case separately.

2.1. The massive case m > 0
Using (2.5), we have

A1) 27t /oo =1 qu /mod O
= — w w—- v v
I (%) Jo 271 Jy—ioo

q

2

keZ?

P —Qv
(wz + Z[aiki]z + m2>
i=1
b4

u+ioco ~ r (av _ %) q
= / ()t ———Zg (av——;al,...,ap;m), (2.6)
271 Jy—ico I'(av) 2
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with u > %. Here for a positive integer p and positive real numbers, ai, ..., a,, m,
Zg p(s;ai, ..., ap; m)is the inhomogeneous Epstein zeta function defined by
—S
Zgp(s;a, ..., ap;m) = Z (Z[a,k P +m )
keZ? =
when Res > %. For p = 0, we use the convention Zg o(s; m) = m~%. Some facts
about the function Zg ,(s;ai,...,ap; m) are summarized in appendix A. In particular,
I'(s)Zg, p(s;ay, ..., ap; m) has simple poles at s = g — j, j € NU {0}, with residues
(=) nt iy
Ress_,,]{I‘(s)ZE p(ssar, ... ap;m)} = —— 7.

N _——m

jtoI, il

When p = 0, this formula is still valid, where ]_[ . a; is understood as 1. Applying residue
calculus to (2.6), we find that when r — 0,

4 (4]

ws (—1F T(S2E) . _a
At) ~ § : o )2 4 O(t3). 2.7
Mials 7 o))" (r>)

Here [x] denotes the largest integer not more than x, and we understand that

I'(z/a) _ F(z/a)
L' .- =0 I'(z)
From (2.4) and (2.7), we have
K@) =A@ e™™ ~ B(t)+ O(r2) as t — 0, 2.8)
where
nt m(l)f r(42) 2 i
B(t) = Z e

’l jO ]' aF%—])

Now ¢ (s) given by (2.3) can be rewritten as

HOES F(l ) </oot“13(t)dt+/oootsI(K(t) - B(t))dt).

Integrating the first term gives

1 o[>
Zi(s) ::m/o £~ B(t) dt

d [5] i =2j =2j
_ 't 22: (-7 (5 m2i s - dzjj)b%fzs.
Mal% 0 ar@-)" 1O
Clearly, ¢;(s) defines a meromorphic function on C. On the other hand, K (t) — B(t) decays

exponentially as + — oo, whereas by (2.8), K () — B(t) = O(ti) as t — 0. Therefore, the
function

(2.9)

f ~ =YK () — B@t)) dt (2.10)
0

is an analytic function for Res > —1/(2«). Consequently, the function

1 o0
&) = o /0 FUK (@) — B@) di
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is also an analytic function for Res > —1/(2a). Combining with ¢;(s), we find that
Z1(s)+&2(s) gives an analytic continuation of ¢ (s) to the domain Re s > —1/(2«). This allows
us to find ¢£(0) and ¢’(0). Specifically, since I'(z) has simple poles at z = —j, j € N U {0}
with residues (—1)/ / j 1, (2.9) gives

d=2j .
(=1 (=)= m¥ a2
0 b,
;1() lllZ]And ( _j+1)
s [X]j CL e z“mjb“"{w<d_2j+1> yy -1 bz}
o - - 0
1 1 l Nj,Aga -. F(——J+l) 2o g
i= =0
ot [4] ; d—2j .
1) T : d—2 d-2j
Z(l Nj Agy) ( .‘) (dZa ) mZJF<——J> pt
a5 j! ar(§—J) 20

Here A, 4 is the set

Aa,d={]eNu{0} ENU{O}}

1j,A.q 1 defined by

1, if j € Agy
Nitea = 0, otherwise;

¥ (2) is the logarithmic derivative of gamma function, i.e. ¥ (z) = I''(z)/ I'(z). On the other
hand, since 1/T"'(s) = s/ (s + 1), '(1) = 1 and the function defined by (2.10) is analytic at
s = 0, we have ¢,(0) = 0 and

2,(0) =/0 =Y (K (t) — B(1)) dt.

Gathering the results, we obtain

I

d [5] (=1)i (_1)d£,f/m2j i

M) =G0 T (€= j+1)

2(0) =40 = (2.11)

and

¢'(0) = £{(0) + 45(0)

Zn,AM,( .1)] CDE {vf (d_zj +1> —y ) —1ogb2}

ow:..

lla, ! F(E_]"'l) 20
4 [5] ; .
TS -1y (5L ( d—zj) )
_— 1—n; m2 T b«
el 50 )" 2
+/Oofl(K(t) — B(t)) dt. (2.12)
0

The quantum potential Vo can then be determined by substituting £(0) and ¢'(0) from
(2.11) and (2.12) into (2.1). Since the quantum potential does not depend on the arbitrary
normalization constant w if and only if ¢£(0) = 0, we find from (2.11) that this is the case if d
is odd and o ¢ C4, where

(L uveN @) =1u<g}, if d iseven,
Ci=11 - (2.13)
{35 u,veN, @ 2v) =1u<d}, if disodd.
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It is not easy to study the properties of the quantum potential V from (2.11) and (2.12).
For most practical purposes, it is desirable to expand Vj as a power series in b* = 1p?/2
when b is small enough. For this, we use the expansion
00 ‘
—th? __ (_I)J J12j
e = Z —j! t'b
j=0

in (2.2), which for b < m®, gives us

() = —— > S /ooz”HA(t)dz
s) - 0
j=0

[ (s) j!
o0 . . .
N L R N CICR ) oy
= 2 b/ 7 + _ 4. . : .
i jzz(:) J! C(s)C(a(s + ) Ep| @+ ) 54 ap;m
(2.14)
The meromorphic continuation of I'(s)Zg ,(s;ay,...,ap;m) gives a meromorphic

continuation of ¢ (s) to C with

0) = %iﬂR i~ {T () ZE p (s ;m)} (2.15)
Is =7 Z T+ 1) S5=aj—¢ S)ZE p(s;ay,...,ap;,m)y, .
and

0 o (—=1) b2
FO) =) L(ozPPs:wj_g{r(s)zE,,,<s; ay, ... ap;m)}+ W +1) — g (l)

S Tlej+1)

—ay(aj+1)) Resszaj_%{F(S)ZE,p(s; ai,...,dp; m)}). (2.16)

Here for a meromorphic function A(s) on C with at most a simple pole at a point sy € C, we
use the notation

Resg—,hi(s) = lim ((s — s0)h(s)),

) < Ress:mh(s)>
PP,_,, i(s) = lim (/(s) — — =222 ) |

$—=>50 s — S0

so that

h(s) =

Res,_,h
Ress— ) | pp_ i(s) + Os — 50)
-

as s — so. If h(s) is regular at s = 59, then Res,—,,A(s) = 0 and PP, h(s) = h(sp). Itis
easy to check that (2.15) agrees with (2.11).

2.2. The massless case m = 0

In this case, we write A(¢) as Ao(t) + A1 (t), where Ay(¢) corresponds to the k = 0 term, i.e.,

q

% o0 20 2 L
Ao(t) = 271; / wi ™l e dy = —(Za)t’ﬁ
r($) Jo

o T (%)
and
q p o
A1) 2 /oo a-14 Z t 2+Z[ ki T?
= w w €X — w a;K; .
: r %) 0 - P .
keZ”\{0} i=1
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As in the massive case, we find that

ol u+ioco . r (Ow _ %) q
A(t) = — vt ———Zg )| av— = a1,...,a, |, 2.17)
271 Jy—ico I'(xv) 2
with u > %. Here for a positive integer p and positive real numbers ay,...,a,,
Zg p(s;ai, ..., ap) is the homogeneous Epstein zeta function defined by
P -5
Zepianap= 3 (z[a,-k,-f)
keZP\(0} \i=1
when Res > %. For p = 0, we use the convention Zgo(s) = 0. Some facts
about the function Zg ,(s;ai,...,a,) are summarized in appendix A. In particular, for

p =2 L,I'($)Zg p(s; ai, ..., ap) only has simple poles at s = 0 and s = p/2. As in the
massive case, (2.17) gives
PPSRLC LR JC
l ~ — o
of (9) [T a] ol (%)
Consequently, as t — 0,

K(r) ~ B(t) + O(1),

TitTE + O(1).

where

r (%) 77% —L —1p?

N
of (%) [T17) @]

Proceeding as in the massive case, we find that ¢ (s) has an analytic continuation to Res > —1
given by ¢ (s) + {2 (s), where

r (%) T[% r (S — %) ‘%72s

B(t) =

O (@Ml T

and
1 o0

0(s) = ol /0 (K (1) — B()) dt.

This gives
7t (=D 4
_ . 2.1

;(O) wa,d[ {9:1 ai] F (% + 1)b ( 8)

and

'O) = nt CEDE (N
{0 = ot T @) {w(zaﬂ) v logb}

+(1— )L%)n—r (_i>b§
(ML @] \ 2«

2
o0
+ / 1K (1) — B(1)) dt. (2.19)
0
Here
1, if 4 eN,
Wy d = 20 .
' 0, otherwise.
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The quantum potential V can be determined by substituting ¢ (0) and ¢’(0) from (2.18) and
(2.19) into (2.1), which gives us

wwd (=DE OFN\F [ apul d
VQ—2d+lngm<7> {IOg 2 —*”(@”)”“”}

(1 —wea) T (L) < d > ()@2)2‘2
- , r(-—) (=
204175 al (%) 20 )\ 2

1 ©

el ARCORE DL 2.20)

From (2.18), we find that Vj, is independent of the normalization constant p if and only if
o ¢ &, where
Ea=1{d/(2)):jeN}L (2.21)
To find the small b expansion of Vj, we note that when b < min{ay, ..., a,}, we can
expand (2.2) as

00 © (_1\ip2i oo
;-(s) — %‘/O tS—lAO(I) e—tbz dt + 1 Z ( I)Jb J /(; ts+j—]A(t) dt

re) = !
BELC L WS e TP ALY LR B )
o r(4)rs) = j! LT (ee(s + /)
sz,,,(a(Hj)—%;al,...,a,,) (2.22)
This gives a meromorphic continuation of ¢ (s) to C, with
2T (L), (=17
¢0) = " T (2%) buRessz,%F(s) +7? j;o mResszaj,%{F(s)ZE,p(s; ai,...,ap)}
mf  (ChE . (2.23)
= a)a,d “y .
[Ty @] T (5+1)
and
(L) ,
'(0) = T (Zg)bE(PPS:_ZiF(S) — (2logb + W(l))ResS:_ZiF(s))
a T(4) ) )
s (—1)/bY
+7?2 jgo m(dPPszw,%{F(s)ZE,p(s; ap,...,ap)}
+ (WG +1) — Y1) — ay(@j + 1)Res,—o; ¢ (L) ZE (55 a1, ..., ap)}).

(2.24)

Combining the results above for the massive case and massless case, we find that when
A is small enough, the quantum potential can be written as a power series Vg , in 192 plus a
term Ap, i.e.,

VQ = VQ’r + AQ, (2.25)
where the term A originates from the k = 0 mode in the massless case, and is given by
F)E L) ([, PP
( Pl
Ap = 2 2a lo +1(1) |Res,__«T'(s) —PP,__4 T'(s) ).
(2.26)

9



J. Phys. A: Math. Theor. 41 (2008) 145403 S CLim and L P Teo

In general, the power of 7 in (2.26) is non-integer. In the massive case, we do not have such
aterm and Ay = 0. The term V. in both the massive and massless cases is equal to

-1 2 (= 1) Aig¥ 2 2
Vo, = , 3 COMY 4pp o 25,y (5025
a4+l 3 [H{’Zl Li] = 2/T(aj + 1) 2 L, L,
+ WG+ D =¥ () —ay(j+1) - log i)
2 2
X Ressza_j,% C()Zgp | s; L—l, e, L—p; m . (2.27)
Whenm =0, Zg ,(s; ay, ..., ap; m) is understood as Zg ,(s; ai, ..., a,).

In the case where p = 0 or equivalently ¢ = d, i.e. when the spacetime is RY, we can
write the quantum potential V, more explicitly:

o In the massless case, since Zg o(s) = 0, we have Vj , = 0. Therefore,
o ifa ¢ & (see (2.21)), then

1 )\@2 2a
Vo=Ag = o ) (2.28)

o if ¢ € £, then

. DEG@\E L apuP d

—2s

o In the massive case, using the fact that Zg o(s; m) = m~—*°, we have

d i d 520\ J
Vo= Vo, = -1 >yt 2)(“")

pdrl g d C(aj+1) \ 2m2
CAEE TN @+ 1) \am
md Z (_l)g—(aﬂ)]’ < )@2 )j
2041 s L T(aj+1) (4 —aj)! \2m™

d+?2 . . . 20,2
X <tx [w (—2 - 061) —Y(aj+ 1)] +¥(+1D) —¢¥1) —log[m™pun ]) ,
(2.30)

where the set E,.4 is given by

d
aw:{jeNu{O}:z—a/‘eNU{O}}-

3. Renormalization of the theory

In order to eliminate the dependence of the effective potential on the arbitrary scaling length w,
we need to renormalize the theory. For given d and o, we note that the term log > would only
appear in the coefficients of >/ for j < d/(2a). Therefore, we propose to add counterterms
8Cy, 8Cy, ... of order @°, @2, ..., up to order g%, where

da = |:i:| ,
20

10
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so that the renormalized effective potential Ve(frfen) (@) becomes
V(ren)( ) 20(’\2 1 )\'(p +V,+ Z CJ "*2] (3 1)
eff 4| (0] (2 )' N N

Upon a closer inspection of the expressions for Vy in section 2, we find that the coefficients
of log 42 in V are independent of the compactification lengths. Therefore we can determine
the counterterms §C;, 0 < j < dy, by the following conditions:

Al ’LO,L,.W =0,
PV @) _ e
op* $=0,L;—00 ,
34V @) , (3.2)
8(p4 9=¢>,L;i—>00
—32”;%2)( )AA =0,3<j <dqy
9=¢;,Li—>00

Here ?ﬁj, 2 < j < d, are different renormalization scales. Note that sometimes the notations
8m?® and 8 are used instead of §C; and §C,. We would like to emphasize that for j > 1, §C;
is defined by the condition above only when o < % When o > 2%, we take C; =0 asa
convention. When p = 0, the L; — oo limits in the definition of the counterterms 6C; in
(3.2) become vacuous. To have a unified treatment, we define @y = @; = 0. Then conditions
(3.2) that define the counterterms §C;, 0 < j < d, can be equivalently expressed as

dy P

Z =Dl (33)

! . ,
my (2]‘ 21)' K L

In the following, we proceed to determine the counterterms for massive case and
massless case separately. We will consider the massive case first, where we determine the
counterterms by (3.3) and use the formula (2.27) for V. The massless case is more difficult
since in this case, the power-series expression of Vg , (equation (2.27)) is only valid when
9 < 2/Amin{(27)/L;};1...,. Therefore, the limit L; — oo, 1 < i < p cannot be taken
directly on this formula.

3.1. The massive case

Using (3.3), (2.27), (A.11), (A.12) and (A.13), we find that the counterterms §C;,0 < j < dy
are determined by the following linear system:

5Co 1 0 0 0 0 -- 0 5Co T,
5C 010 0 O 0 5C T,
% 9 P
8Cy 00 1 5 % a-on | | 0C2 I
I1 = . ~2(da—3) = , (3.4)
5C3 000 1 % [Zw(d =3I 203 E
5Cd (Scdn Tda

« oo0o0 0 0 -- 1
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where
1)\ J,d—2aj NI N d )LAZ k
= COMm e 2E L (atc+) - 5) G
2d+j+l 5 KENUIOT e 2T (ax(k + j)+ 1) 2m=«
Z (—1)k+%—“(k+j)[2(k+j)]! )jﬁ? k
v, [2K1! [ —ak+ DTk + j)+1) \ 2m>
d+2 . )

x {a (w (T —a(k +])) —Ylatk+j)+ 1))

+Yk+j+1) —y(l) — log[mz“;ﬁ]} } (3.5)
Here

Hoa,j = {kGNU{O}:;—a(k+j)eNU{0}}.

Note that the matrix IT defined in (3.4) is of the form IT = I+1I1j, where Iis an (d,+1) X (dy+1)
identity matrix and Iy is a nilpotent matrix with Hg“l = 0. Therefore

N =1 —Tp+T2— -+ (=%, (3.6)

and one can solve for the counterterms §C; by multiplying I1~! (3.6) on both sides of (3.4).
In particular, by recalling that ) = @; = 0, we can easily find that

e For §Cy,
e if d is odd, then

o d d

8Co= ——I' | —= | m%; 3.7
2d+ln—§

e if d is even, then

—D%md
§Co = L-m' (a |:1p <d;2> — ¢(1)1| — log [mzaM2]> . (3.8)

" 20wt (3);

e Forsm®,ifa < % and
o if % — o 1S not a nonnegative integer, then

_d
sm — _ Ao T (a Z)md—Za; 3.9)

244175 T(a)

o if $ — o € NU {0}, then

d=2

L (=DE d+2 .
b = [ —a]T@+D) (“["’( 2 _“)_w(“)]_log[mz “2>'
T

(3.10)

In the case of ordinary scalar field (i.e. « = 1) in d = 4 dimensional spacetime, the formulae
for 8Cy (3.8) and 8m? (3.10) obtained above are in agreement with the corresponding results

12
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in [49]. On the other hand, since d, = 2 in this case, I is just the 3 x 3 identity matrix.
Therefore it is easy to find that

o0

R L2k +3)IT (k) [ 232\ ,
h=0C=D= @{kz}_]) QT (k +2) <2m2°‘) — Gloglmul

22 :xzag 6493

= 3272 B

310g[M1M]2},
M M

where M} = m?* + %Afﬁ% This again agrees with the result given in [49].

3.2. The massless case

Since the series (2.27) is absolutely convergent if and only if ¢ < /2/A min{(27)/L;}/_,, we
cannot take the limit L; — 0o, 1 < i < p term by term on the 2 j th-order derivatives of (2.27)
with respect to ¢ to obtain the counterterms §C 7,0 < j < d, from equation (3.3), otherwise
we will obtain infinity for each individual term. As a result, we have to work directly with the
expression (2.20) for V. Using (2.20), we find that

A7
9%

=1j1 + Tj,2 + Tj‘3,
L;i—00,0=0;

where

T wea (=D A (29 B (4,
T g iT(de) 2\ 20 (4 -2j)!

_
x {w(%u)—¢(1)—2w<g+1>+2¢(g—2]‘+1>—1og—k[“;’f] }

o= G e TEd M, (4 TG (m)

S)

2wzt ol (920 \ 2a)T(£—2j+1)\ 2
and
)\.j 1 82j 00 .
Tiz=— i - t (K(t)— B(t))dt
J3 27 L,l—r>noo 2q+lq [Hflzl Lz] b2 /(; (K@ @) b2—w'%
-2
Note that
K()—B(t) 1

Iz = 4
Li—oo 24+lq [ i1 Ll] 23T

/OO wi™ dw exp{—t (w** + b*)}
(5) Jo
_ 1 r (%) t—% e—tb2

s al (3

=0.

Therefore, T; 3 = 0. Consequently, we find that the counterterms 6C;, 0 < j < d,, are again
determined by the system (3.4), but with T; given by

Tj=Tj1+Tj2+Tj3

d _ -
T e L LA R )
2ty T (£+1)27 \ 2 (4 —2j)!
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~ 12
x{w<%+1)—¢(1)—2¢<§ )+2w<g—2j+1> log [“;"f]}

o T () L{r(_i)rr(&(“‘”) o n

24+l ol (4) 2/ 2w (¢-2j+1)\ 2

In particular, we find that

e §Cy=0.
. Whena§ ‘;,
eifax < £ 8m2"‘—0
d

eifa = 5 since ¢; = 0, the theory is non-renormalizable.

In the case of ordinary scalar field (¢ = 1) in d = 4 dimensional spacetime, we also have

kz -~ 12
) = — 8 +3log TP )
372 2

From the results above, we find that for both the massive case and the massless case, the
counterterms only depend on the spacetime dimension d but not on the number of compactified
dimensions p. This is expected since in the prescription for the counterterms, we have taken
the limits L; — oo, 1 < i < p. By substituting the counterterms obtained above into (3.1),
together with the explicit formulae for V) (equations (2.26) and (2.27)), the explicit expression
for the renormalized effective potential can be determined. Since the result is not illuminating,
we omit it here. In appendix B, we show that with our prescription for the counterterms,
the renormalized effective potential indeed no longer depends on the parameter w, but at the
expense of introducing new renormalization scales @;, 2 < i < dj.

4. Renormalized mass and symmetry breaking mechanism

2a

Toren 18 defined so

According to convention, the renormalized topologically generated mass m
that for small @, the term of order $? in V5™ is given by

20 =2
2 mT renw

In this section, we derive explicit formulae for sz‘f‘ren and discuss their signs. Symmetry
breaking mechanisms appear when mT en < 0.

o In the massive case, we obtain from (3.1), (2.27), (3.9), (3.10), (A.9) and (A.10) that
givend, p and «,

ATYms e
m2(x — 20 +
foren 27)$T (a)
d—2a
v p
> (§ [Lk]) Koa [m | > [LikiT | 4.1
KeZ7\(0 ’ i

When p = 0, this reduces to mT on = = m?*. Namely, the renormalized topologically

generated mass is equal to the bare mass. The result (4.1) agrees with the result in [49]
when d = 4 and @« = 1. Since the modified Bessel function K, (z) is positive for any
v € Rand z € R*, we conclude immediately from (4.1) one of the main results of our

paper:

14
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o In the massive case, the renormalized topologically generated mass sz"‘ren is strictly

positive for any d, p and «. Hence quantum fluctuations do not lead to symmetry
breaking in this case.

The massless case is more interesting. From the previous section, we find that the
mass is non-renormalizable when o = ‘21. In fact, for the ordinary interacting scalar field
theory (i.e. « = 1), it is well known that the theory is non-renormalizable when d = 2.
For o # %, the mass counterterm 8m2* is identically zero. Therefore, for o # %, we find
from (2.26) and (2.27) that the renormalized topologically generated mass sz"fren is given
by

o If p =0, then m3%,,, = 0.
elfp>1,and
o if o # 4, then

» A 1 q q 2w 2
My ren = q l—‘(Ol__)ZE,p O — = =y, 7
’ ') 29172 [Hle Li] 2 2 Ly L,

T(o) Q2o+l s \ 2 P 2 T
o if o = %, then
2 A 1

MT ren = Do+ 1) 2a+1 7% [ :_":1 Li]

x{1+oz[1,b(oz)—x[f(])]+oszE (0;2—7[,...,2—7[) } 4.3)

P L, Lp

We would like to point out that when o = %, there is a term proportional to

Apr . Ap?

T log —

2 2

in the renormalized effective potential. This may give rise to ambiguity in the definition

200 1 3
of m7’ ., in this case.

When d = 4 and « = 1, the results of (4.2) agree with the corresponding results in [49]
for g = 1, 3, 4. Note that (4.2) shows that when « # ¢ /2, up to the factor

A 1
-, (4.4)
IM'(a) D2+l 75
the renormalized mass sz‘f‘ren depends on the spacetime dimension d and the fractional order

of the Klein Gordon field o, in the combination d — 2«. Therefore, the renormalized mass
of a fractional Klein—Gordon field of fractional order « in a d-dimensional spacetime would
be essentially the same (up to a multiplicative factor) as the renormalized mass of an ordinary
Klein—Gordon field (¢ = 1) in a spacetime with fractional dimension d + 2 — 2¢.

To study the sign of the renormalized topologically generated mass mZT"fren when p > 1,
we first note that the function I'(s) is positive for all s € R*, whereas for the Epstein zeta

function Zg ,(s; Ly, ..., L), it is obvious from its definition by infinite series (A.1) that it is
positive forall (Ly,...,L,) € (R*)? when s > % Therefore, we can conclude immediately

from (4.2) that

g _ d=p d . ..
o If0 <a < 3 =" ora > 3, quantum fluctuations lead to positive m

breaking mechanism does not appear in these cases.

2u
T,ren"

Symmetry

Now we turn to the case ‘I_Tp <a < %. The argument leading to the sign of the

function I'(s)Zg ,(s; Ly, ..., L)) is rather involved and lengthy, which will be dealt
with in a separate paper [56]. Here we just give the results:
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—if p=1,thenforall0 <s < %, I'(s)Zg,,(s; L) < 0;

—if 2 < p <9, then for any fixed s € (0, p/2), there is a nonempty region Q;”p of
(L1,...,Lpy) € (R*)? where I'(s)Zg,p(s; Ly, ..., L,) > 0and a nonempty region
Q;p of (L1,...,L,) € (R*)? where I's)Zg p(s; Ly, ..., Ly) <O.

—If p > 10, there exists an odd number of points y, 1, ..., ¥pam,+1 such that
0 <yp1 <-+ <¥pom,+ < p/4andif welet I, to be the union of the disjoint closed
intervals [y,.1, ¥p2ls -5 [Vpon,—15 Ypon,bs [Vp.on,+1: (P/2) — Vpon,+1] [(P/2) —
Yp2n,s (P/2) — Vpan,—11s - [(P/2) — vpa, (P/2) — ¥pal, then for all s €
1,,T'(s)Zg p(s; Ly, ..., Ly) > 0; and for all s € (0, p/2)\1,, there is a nonempty
region Q;p of (Ly,...,Lp,) € (R")? where I'(s)Zg p(s; Ly,...,L,) > O and a
nonempty region 7, of (Ly,...,Lp) € (R*)? where I'(s)Zg ,(s; L1, ..., L,) <
0.

Applying these results to the renormalized mass sz‘fren, we find that
elfp=1and % <a < %, quantum fluctuations lead to negative sz‘f‘ren. Symmetry
breaking mechanism appears in this case, but there is no symmetry restoration.
e lf2 < p < 9and d%p <o < %, quantum fluctuations lead to topological mass
generation. The sign of the renormalized mass mZTO‘ren can be positive or negative,
depending on the relative ratios of the compactification lengths. Therefore, symmetry
breaking mechanism appears in this case. Varying the compactification lengths of the
torus will lead to symmetry restoration.

o If p > 10and a € J,, where J, is the union

" Td—p d—p d—p d
Jp, = U [T *Vpai-t, 5 * Vp,Zi] U |:T +Vp2npats 5 T Vpanytl

i=1

U |:d d ]

~ ) Vp.2is ) VYp.2i—1
of disjoint closed intervals, quantum fluctuations lead to positive mzﬁren. Symmetry
breaking mechanism does not appear in this case.

olf p > 10 and a € (d%p, %)\J , quantum fluctuations lead to topological mass
generation. The sign of the renormalized mass mZT‘fren can be positive or negative,
depending on the relative ratios of the compactification lengths. Therefore, symmetry
breaking mechanism appears in this case. Varying the compactification lengths of the

torus will lead to symmetry restoration.

Finally, using the formula (A.4), we find that
—ifay=--=a,— O,Z%,p(O;al,...,ap) — —00;
—ifay=---=a, > oo,Z%’p(O;al,...,ap) — 00.
Applying these to (4.3) with o« = g /2 gives us:

e Foranydandp, ifa = d%p, quantum fluctuations lead to topological mass generation.

The sign of the renormalized mass sz‘f‘ren can be positive or negative, depending on the
relative ratios of the compactification lengths. Therefore, symmetry breaking mechanism
appears in this case. Symmetry restoration can be realized by suitably varying the

compactification lengths.

In the above discussion, we fix the spacetime dimension d and the number of compactified
dimensions p, and study the condition on the order « of fractional Klein—Gordon field for the

16
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Table 1. The subset Z,, of d — 2 € (0, p) where symmetry breaking mechanism does not appear,
when 10 < p < 21.

p Ip )4 Zp

10 [2.1799, 7.8201] 11 [1.2802,9.7198]

12 [0.7952,11.2048] 13  [0.4995, 12.5005]
14 [0.3124,13.6876] 15  [0.1928, 14.8072]
16  [0.1170, 15.8830] 17  [0.0695, 16.9305]
18 [0.0404,17.9596] 19  [0.0229, 18.9771]
20 [0.0127,19.9873] 21  [0.0069, 20.9931]

presence of symmetry breaking mechanism. We observe that for p < 9, there is a simple
criterion on « for the existence of symmetry breaking mechanism. In contrast, when p > 10,
the criterion on « for the presence of symmetry breaking mechanism becomes complicated.
It would be interesting to explore the physical significance of this dichotomy between p < 9
and p > 10. Now, if we assume d and « being fixed, and d < 9, then we can conclude that
symmetry breaking mechanism exists if and only if the number of compactified dimensions p
is > d — 2a. However, when d > 10, this condition becomes necessary but not sufficient. In
table 1, we tabulated the subset of values of d — 2o € (0, p) for which symmetry breaking
mechanism does not appear, when 10 < p < 21.

For 10 < p < 21, we see from this table that each of the sets 7, is of the form
2yp,1, P — 2¥p,1) with I, € Z,,;. In [56], we show that for all p > 10,7, is indeed
a subset of Z,,;. Since we have shown that for any p, there is no symmetry breaking
when d — 20 < 0 or d — 20 > p, we can conclude from table 1 that increasing
the number of compactified dimensions p tends to elude symmetry breaking. In the
case of ordinary Klein—Gordon field (i.e. « = 1), it is easy to verify from the data in
table 1 that when p > 12, there is no integer value of d — 2 lying in the set (0, p)\/,.
Therefore, for p > 12, symmetry breaking cannot happen in ordinary Klein—Gordon field
theory. This is an interesting fact since compactifying some of the spacetime dimensions is
a mechanism to induce symmetry breaking, but we find that there is an upper limit to the
number of dimensions that can be compactified such that there still exists symmetry breaking
mechanism.

The investigation of the sign and magnitude of the renormalized mass sz‘f‘ren when
p = 1,2,3,4 is carried out graphically. In figures 1-13, we show the dependence of the
renormalized mass mZT"fren (up to the multiplicative factor (4.4)) on the compactification lengths
Ly, ..., L, and the regions where symmetry breaking mechanism appears. Using (A.3), it
is found that if &« # ¢ /2, then under the simultaneous scaling L; + rL;, the renormalized

. 2 .
topologically generated mass m7” . transforms according to

2u 2—d 2o
mT,ren = r mT,ren'

ZT""ren on the variables (Ly, ..., L,), we fix a

degree of freedom. This can be done by letting V, = [/_, L; = 1.

In figure 1, we plot the renormalized mass sz‘fren as a function of % —a when p = 1. The
graph shows clearly that symmetry breaking appears only when 0 < % —u < % Figures 2,
3, 5 and 6 demonstrate the cases with p = 2, p = 3 and p = 4. These graphs show that for
suitable choices of the compactification lengths, symmetry breaking appears for all values of

% — o lying in the range (O, g) In figures 4 and 7, the unshaded regions are the regions where

Therefore, when we study the dependence of m

17
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Figure 1. The dependence of the renormalized mass m2__ (up to the factor (4.4)) on s = 5—a
whenp=1landV =L; =1.
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Figure 2. The graph and the contour lines of the renormalized mass sz"‘ren as a function of

s = % — o« and log Ly when p =2,V = L|L; = 1. Due to the symmetry with respect to the

interchange of L and L, these graphs show the symmetry with respect to log L1 — —log L.

T30

0.6

Figure 3. The graph and the contour lines of the renormalized mass m%""re" (up to the factor (4.4))

as a function of s = %—a andlogk,when p =3,V =L{LyLz=1landL;:Ly: L3 =k:1:1.
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log k
o

Figure 4. Left: the region where m3%,,, > 0 and m3® < Ofor p =2and V = LiLy = 1.
Right: the region where sz‘fren > 0 and m%"“ren <Oforp=3,V=L1LyL3=1,L;:Ly:L3z=
k:l:l.Heres:%—a.

(B)L il Lyl =kek:1:1

20
T, ren

Figure 5. The graphs of the renormalized mass m%"fren (up to the factor (4.4)) as a function of s =

¢ —oandlogkwhenp=4andV = LiLyL3Ls = 1. For(A), Ly : Ly : Ly: Ly =k:1:1:1
For(BYL;:Ly:Ly:Ls=k:k:1:1.

17727734

(A) L Lyl oL =k1:1:1 (B) L Ll
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T T
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Figure 6. The contour lines of the graphs in figure 5.
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Figure 7. The regions where sz"_‘ren > 0 and sz"‘ren <Owhen p=4andV = L|LyL3Ls = 1.

For(AYL; : Ly :L3:Lsy=4k:1:1:1. Fof(B)Ll:L2:L3:L4:k:k:1:1. Here
d

42 - =03 d2-0=06

s / / 1 7/ \/

15 \u_/\
1
2 - S 05 o0 05

3

logk
°
log k,

log k,

Figure 8. The contour lines of the renormalized mass m%".‘ren (up to the factor (4.4)) as a function

of logky and logks. Here p =3,V = LjLoL3 =1land Ly : Ly : L3 = 1 : kp : k3. The values
of % —aare 0.3,0.6,0.9, 1.2, 1.4 respectively.

sz"fren < 0 and symmetry breaking exists. In all the cases considered, i.e., p = 1,2, 3,4,

these regions contain the point L} = --- = L, where all compactification lengths are equal,
which corresponds to the lines log L; = 0 or logk = 0 in the graphs.

When p > 3, after fixing one degree of freedom in the variables (L, ..., L,) by setting
V, = 1, we still have at least another two degrees of freedom. Figures 8, 10 and 11 are contour

plots that show the dependence of the renormalized mass mZT‘f‘ren on the other two degrees of

freedom of the compactification lengths, for some specific values of d — 2«. In figures 9, 12

and 13, the corresponding regions where mZT"fren < 0 are shaded. From these graphs, we find

that the mZT‘f‘ren < 0 regions that lead to symmetry breaking are regions centered around the

point Ly = - -- = L,. Moving along a ray from a point in these regions will lead to symmetry
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2

Figure 9. The regions where mZT‘f‘mn > 0 and m%‘f‘ren < Oforp =3,V =LiL,Lz = 1, and
Ly:Ly:L3=1:kp: k3. Here the values of% —aare0.1,0.3,0.6,0.9, 1.2, 1.4.

d2-a=08

logk,
logk,

log ky

0
log k,

d2-a=16

log k,
log k;
log k,

20

Figure 10. The contour lines of the renormalized mass m7* .,

(up to the factor (4.4)) as a function
of logky and logks, when p = 4,V = L1LyL3sLs = 1,Ly : Ly : L3 =1 : kp : k3 : k4 and
k4 = 1. Here the values Of% —aare0.1,04,0.8,1.2,1.6,1.9.

restoration. In fact, we show in [56] that the renormalized mass will become positive whenever
one of the compactification lengths is large enough. The boundaries of the shaded regions
in figures 9, 12, 13 are the projections of the hypersurfaces in (R*)? where m%‘i‘ren =0to
appropriate two-dimensional planes. Note that in all the graphs, logarithm scales are used for
the compactification lengths as we think that this will better illustrate the symmetry between
the compactification lengths, i.e., the symmetry generated by L; <> L;.
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Figure 11. The contour lines of the renormalized mass m%"’ren (up to the factor (4.4)) as a function

of logks and logks, when p = 4,V = L1LyL3sLs = 1,Ly : Ly : L3 =1 : kp : k3 : kg4 and
k4 = 3. Here the values Of% —aare0.1,0.4,0.8,1.2,1.6,1.9.
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Figure 12. The regions where mZT‘f‘ren > 0 and sz‘fmn <Oforp=4,V =LLyLiLs=1,L;:
Ly :L3y=1:ky:k3:ksandkys = 1. The values of% —aare0.1,04,0.8,1.2,1.6, 1.9.
From figures 9, 12, 13, we note that the sz"fren < O region (shaded) is larger when d — 2«
tends toward the boundary of the range (0, p). It becomes smaller in the middle of the range
(0, p). We also observe a symmetry between the region for d — 2o = h and the region for
d — 20 = p — h. In fact, this is nothing but a direct consequence of the reflection formula
(A.2) of the Epstein zeta function.

As mentioned above, for p = 1, 2, 3, 4, graphical results show that the region that lead
to symmetry breaking is a region that contains the point L; = --- = L,. We also observed
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Figure 13. The regions where mZT‘j‘ren > 0 and szofren <Oforp=4,V =L |LyL3Lsy=1,L; :
Ly :L3=1:ky:k3:kyqand kg = 3. The values of% —aare0.1,04,0.8,1.2,1.6,1.9.

that these regions are convex and connected. We give a mathematically rigorous proof in [56]
that in fact for all p > 2 and all the values of d — 2« where symmetry breaking mechanism
can exist, the region of (L, ..., L,) where mZT"fren < 0, is a convex and therefore connected
region containing the point L = - -- = L, when plotted using log scale.

5. Conclusion

We have studied the problem of topological mass generation for a quartic self-interacting
fractional scalar Klein—Gordon field on toroidal spacetime. Our results show that the method
used for ordinary scalar field, namely the zeta regularization technique, still applies with some
appropriate modifications. We are able to derive the one-loop effective potential for such a
system for both the massless and massive case in terms of power series of Ag> with Epstein
zeta functions as coefficients. Asusual in the zeta regularized method, there is a dependence of
the effective potential on an arbitrary scaling length ;. We proposed a scheme to renormalize
the effective potential so as to get rid of the dependence on p. We have carried out a detailed
derivation of the renormalization counterterms. The results of the renormalized topologically
generated mass mZT‘fren are given explicitly. We note that in the massive case, mZT‘fren is always
positive and therefore there is no symmetry breaking in this case. For the massless case,
we show that fixing the number of compactified dimensions p, if p < 9, symmetry breaking
appears if and only if the combination d — 2« of spacetime dimension d and fractional order o of
the Klein—Gordon field satisfies 0 < d —2«a < p. However if p > 10, symmetry breaking only
exists when the value of d — 2« lies in a proper subset of (0, p]. This subset becomes smaller
when p is increased. For all p > 2, whenever there exists symmetry breaking, symmetry
restoration also appears when suitably varying the compactification lengths. Simulations are
carried out to illustrate the dependence of the renormalized mass sz‘f‘ren ond — 2 as well as
the compactification lengths, when p = 1, 2, 3, 4. Graphical results show that regions that
lead to symmetry breaking are always convex regions containing the point L; = --- = L,
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where all compactification lengths are equal, agreeing with our theoretical results in [56]. It
is interesting to note that we can obtain essentially the same results if instead of considering
fractional scalar field of order « in a toroidal spacetime 77 x RY~” with integer dimension
d, we can equivalently employ an ordinary scalar field (@ = 1) in a toroidal spacetime
TP x R¥2720P with fractional dimension d + 2 — 2a.

This paper is our first attempt to explore the fractional field theory with interactions. One
possible extension of our discussion is to include local structure like spacetime curvature in
addition to nontrivial global topology in our study. One expects the generalization to finite-
temperature case will not pose difficulty since in the Matsubara formalism, the thermal Green
functions with periodic boundary condition with period given by the inverse temperature,
have the same properties as the Green functions at zero temperature with the imaginary time
dimension compactified to a circle of radius equals to the inverse of temperature. We can also
consider the extension of our results to the fractional gauge field theory. As we mentioned
in our introduction that Brownian motion plays an important role in Feynman path integrals,
we would like to note that path integrals have been generalized to fractional Brownian motion
[57] and fractional oscillator processes [58]. Although fractional Brownian motion has found
wide applications in many areas in physics and engineering, so far it has not really played
a role in quantum theory yet, and no application of these ‘fractional path integrals’ have
actually been carried out so far. In view of the fact that fractional oscillator processes can be
regarded as one-dimensional fractional Klein—Gordon field theories, with fractional Brownian
motion its ‘massless’ limit [59, 60], it will be interesting to extend such path integrals to
fractional Klein—Gordon fields and to exploit their possible uses. Finally, we would like to
mention that in many applications in condensed matter physics, fractal or fractional processes
have their limitations since many phenomena considered are multifractal in nature. There have
already been works on multifractional Brownian motion [61, 62], multifractional Levy process
[63] and multifractional oscillator process [64]. In view of the possible variable spacetime
dimension, for example at the sub-Planckian distance [9], it would be interesting to consider
how our results can be generalized to Klein—Gordon fields with variable fractional order.
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Appendix A. The generalized Epstein zeta function Zg, n(s; a1, ...,an;c)
In this appendix, we summarize some facts about the generalized Epstein zeta function

[65, 66] which we have used in our calculations. For details, we refer to [49, 51-53, 67-79]
and the references therein.

A.l. Homogeneous Epstein zeta function

First consider the homogeneous Epstein zeta function Zg y(s; aj, ...,ay). For N > 1, itis
defined by the series
N —S
Zen(siar,....an) = Y (Z[aiki]z) (A.1)
kezZM\{0} \i=l
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when Res > % We extend the definition to N = 0 by defining Zgo(s) = 0. For
N > 1,Zg N(s;ay, ...,ax) has a meromorphic continuation to the complex plane with a
simple pole at s = N/2, and it satisfies a functional equation (also known as reflection
formula)

_N

“T(9)Zg.x WY U B D
s s s;ay,...,ay) = ——I | = —s — =5 —, ., — .
E.N 1 N [Hj‘\]:l aj] > EN\ S a an
(A.2)
This formula relates the value of an Epstein zeta function at s with the value of its ‘dual’ at
N/2 — 5. The Epstein zeta function Zg x(s; ai, ..., ay) behaves nicely under simultaneous
scaling of the parameters. Namely, for any r € R*,
Zen(s;ray, ... ,ray) = rfstE,N(s; ai,...,ay). (A.3)
Together with Zg x(0; ay, ..., any) = —1, one gets that
ZynyOiray, ... ray) =2logr +Z; y(0;ai, ..., ay). (A.4)
The function &g y(s;ai,...,an) = I'(s)Zg n(s;al,...,ay) is also a meromorphic
function. For N > 1, it has simple poles at s = 0 and s = N /2 with residues
Ress—o{T'(s) Zg n(s; a1, ..., an)} = —1
R (A.5)
(F(5)Ziw ) p——
€S;_~ N EN(S;ay,...,AaN =r=N 7
’ [Hj:l a]]
and finite parts
PP_o{['($)Zp n(s;ar,....an)} = Zp y(O;ay, ..., ay) — ¥ (1),
PP _y{l'(s)Zen(s;ar, ..., an)}
ik 7z (o ! ! >+21 v (1) (A.6)
=— e, — ogmw — .
[H;'Vzl aj] oy a an

respectively. Here 1/ (z) is the function I''(z)/ I'(z). Some special values of ¢ are ¥ (1) = —y,
where y is the Euler constant, and for k£ > 1, ¥ (k + 1) can be computed recursively by the
formula

1
Yk+1) =yk)+ T

One of the indispensable tools in studying the Epstein zeta function is the Chowla—Selberg
formula [80, 81]. One form of the formula is

F(S)ZE’N(S' Aly e o.y N)

J B J) N—-1 1
= 2a; 2Sl"(s)g‘R(Zs)+2 5(—§R(25 — j)+4n’ ;
l Z:: ?+1 iz @ jz_; |

L
1

Prhs E[) e

KeZ/\(0} P= 1(Paj+1)5_7 =1

(A7)

which expresses the homogeneous Epstein Zeta function as a sum of Riemann zeta function
Cr plus a remainder which is a multi-dimensional series that converges rapidly. It can be used
to effectively compute the homogeneous Epstein zeta function to any degree of accuracy.
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A.2. Inhomogeneous Epstein zeta function

For N > 1,ay,...,ay,c > 0, the inhomogeneous Epstein zeta function Zg y(s; ay, ...,
ay; c) is defined by

—S

N
Zeg n(s;ay,...,an;c) = Z 2:[611'1@']2 +c?
kezV \J=1
when Res > N/2. When N = 0, we define

Zeo(s;c) = .

Zg nN(s;ay, ...,ay; c) has a meromorphic continuation to C given by
N N
T2 '(s— %
Zpn(siar,....ayio) = (F 2)61"’23
[Hi:l a,-] (s)
) 2:4—N N N
27’ 1 k; ki
. > (SE]) s (e 2]
N _N ] s ]
[Hi:l Ll,']F(S) T2 keZN\{O} (,‘] a; 2 i—=1 a;
(A.8)
The second term is an analytic function of s. The first term shows that Zg x(s; ay, ..., an; ¢)

has simple poles at s = % —Jj,j € NU{0}if Nis odd, and at s = 1,2,...,% if N
is even. On the other hand, one can easily read from equation (A.8) that the function

I'(s)Zg n(s;ay,...,an; c) has simple poles at s = % — j, j € NU {0} with residues
1)/ g ,
Res,_v_{(s)Zgn(s;ar, ... an;0)} = ( ,‘) Z—zcz-’ (A.9)
’ J: [Hi:lai]
and finite parts
(_l)j 77:% 2j .
PP_y AU () Zpn (siar,...,an; )} = ———x——=c” (Y (j +1) — 2logo)
7T )
) E,j j N k[ 2\ 2
+# 3 <Z [_] K, |27c (A.10)
[Hi:lai] kezM\{0} \i=I 4i
respectively. From (A.8))—((A.10), it can be easily deduced that
olfs ¢ {§ —j:jeNU{0}}, then
- N - N
. N —
llir[l) Hai {(C(s)Zg n(s;ay,...,an;0)}=m2T (s - 5) N, (A.11)
1<i<y Li=1 |
olfs = %—jforsomej e N U {0}, then
[ =17,
lim l_[a, Res,_x_ A (s)Zgn(s;ar,...,an;0)} = ~ wacH, (A.12)
;=0 ' 2T ’ ]!
I<i<y Li=1
R =1 x5
tim | [Tai [PP_s JT@Zpn(siar. .. ayie)) = —x i@ + 1) — 2loge).
22 Lich : J!

(A.13)
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Appendix B. Independence of V™" on p

Here we give a sketch of the proof that the renormalized effective potential Ve(frfen) (@) is
independent of . From the definition of the renormalized effective potential (3.1) and the

formula (3.4) that determines the counterterms, we get

VEY @) = im™ @ + 1At + Vo + ATTT'T,

where
To
N =24, T
Al 2% 2N L
20 41 (2dy)! :
1y

o«

The terms containing log w? can be extracted from Vo (equation (2.26) and (2.27)) and T}
(equation (3.5) and (3.11)), with result given by

ASH + ATTITH, (B.1)
where

e in the massive case,

p__m (—1)"(2k)!< A ) (—1)Fek

k™ harig 4 T(ak+1) \2m2 (4 - ock)!Xk;a;d’
with
1, if ke Hyao,
Xard = {O, otherwise,
and
o (= 1)/l l)\jm;ifzotj (d_l)k+%fut(k.+j)[2(k + ) ( )@2/2 ¢
2ty A 2KIN[§ —atk+ H]IT @k + ) +1) \ 2m*

e in the massless case,

(—1)3 8¢ 4, Dara ¢
st = rreey @ (5)

and
d :
4 ; =2\ 207/
i oma C0F 0 (FNET (@)
/ 24415 T ($41)27 \ 2 (4 —2j)r
o
In both cases, it is easy to verify that [1S* = —T*, which shows that the term (B.1) is

identically zero and therefore V™ (@) does not depend on log 1.
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